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1. INTRODUCTION 
In this paper we consider the system of gas dynamics in one-dimensional 
isentropic flow, 
u, + P(U), = 0 
u, - u, = 0 
(t > (4, (1.1) 
where U, ZI > 0 and p > 0 are, respectively, velocity, specific volume and 
pressure. p(v) is a smooth function and p’(v) < 0. 
It is well-known that the initial value problem for (1.1) does not have, in 
general, a global classical solution even if the initial data are smooth, since 
shock waves develop. Thus, it is interesting to see how discontinuities 
propagate. 
When the initial data are of the form 
24(x, O), u(x, 0) = (u-, u-) (x < 0) 
(1.2) = (u+, 0’) (x > o>, 
where zP, of are constants, the initial value problem is called a Riemann 
problem. In this case one can show that the discontinuity in the initial data 
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will be resolved into two wave fans in the half-plane (x, t), (t > 0): one of the 
first kind (backward) and one of the second kind (forward). A wave fan of 
the first (second) kind is, in general, a sequence of shocks of the first 
(second) kind alternating with simple waves of the first (second) kind so that 
every shock adjacent o a simple wave on one of its sides is a contact discon- 
tinuity from this side. In Section 2, we will discuss problem (l.l), (1.2) 
briefly. Readers who may be interested in more detail may refer to [2,3]. 
The natural question is that of what happens when the initial data are of 
the form 
04x, 01, u(x, 0) = (u,(x), u;(x)), x < 0, 
= (u,‘(x), uo’(x)), x > 0, 
(1.3) 
where U,,(X), U,,(X) are smooth functions with the property 
lim (24; (x), u;(x)) = (u-, u-), 
x-+0- 
&n+(u,‘(x), vi(x)) = (u+, v+>. 
In particular, we would like to know whether or not, in some neighborhood 
of the origin, the solution is similar to the solution of the corresponding 
Riemann problem. 
For general initial values (1.3), we will solve problem (l.l), (1.3) in a 
neighborhood of the origin (0,O) in the (x, t) plane. When the system is 
genuinely nonlinear (i.e., p”(u) # 0), the problem was considered in [ 11. It 
was shown there that the structure of the solutions of (1. I), (1.3) and (1. l), 
(1.2) are the same. Without assuming that p(v) is convex, we establish here a 
local existence theorem and exhibit the construction of the solution. In the 
present case there are essential differences between the structures of the 
solutions of (1. l), (1.3) and (1. l), (1.2). For instance, a discontinuity line S 
in the Riemann problem (l.l), (1.2), joining the states (u,, uI) and (u,., u,.), 
may turn into m discontinuity lines in the corresponding initial value 
problem (l.l), (1.3), where m = 1, 2 ,..,, n + 1, with n the number of points V 
between U, and v, which satisfy 
P(V,) - P(VJ = p,(b) 
VI - 0, 
In solving (l.l), (1.2) we have to construct contact discontinuities, so we 
investigate the “characteristic envelope problem” in Section 3, i.e., 
r, + A,(r, s) rx = 0 
s, + A,@, s) s, = 0 
(1.4) 
(1.5) 
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where x(t), r(t), s(t) are given, smooth and satisfy 
i(t) = M-(t), s(t)), x(0) = 0, i(0) # 0, i(0) # 0, (1.6) 
and I, is the ith characteristic and I, s are the Riemann invariants of (1.1). 
Using the hodograph method, we prove that there is no solution of (1.4), 
(1.5) on the right (or left) side of x = x(t) in a neighborhood of (0,O) when 
n,,(r(O), s(O)) . i(0) > 0 (or < 0) while, on the opposite side, there are two 
solutions. 
In Section 4, we deal with various contact discontinuities, establish local 
existence and exhibit the construction of the solution. 
2. RIEMANN PROBLEM 
DEFINITION. A function (u(r), u(r)), (< = x/t), is called a solution of the 
Riemann problem (l.l), (1.2) if it satisfies the following conditions: 
(1) u(t), v(t) are piecewise regular and u(kco) = u*, u(kco) = o*. 
(2) At a point of smoothness (< = A), (1.1) is satisfied in the classical 
sense, i.e., either the solution is constant or it is a centered simple wave: 
c = -(-p’(u)y2 E A,(u), g = (-p’(u)y2 
or 
(of the first kind) (2.1), 
r = (-p’(u))“2 E A,(u), g = -(-p’(u)y2 (of the second kind). (2.1), 
(3) The states located on the two sides of any discontinuity (r = w) 
satisfy 
(i) the Rankine-Hugoniot jump conditions 
r = -t-(P, - PlM~, - oJY2 = (%tuv UJ 
(u, - U,>I(~, - Ul) = (-(I% - PJl(Ur - ~lw’* (of the first kind) (24 
or 
tl = (-(P, - PJ/(Ur - uJY2 = %(Ur, u,) 
(u, _ u,)/(u, _ ul) = -(-@, - p,)/(u, - u,))‘/’ (of the second kind); (2*2)2 
(ii) the stability condition (E): for any u between u, and uI, 
(P - PMU - UJ >, (P, - PW, - u,) (for the first kind) (2.31, 
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(P - A)/(~ - u,) G (P, -Mu, - u,) (for the second kind), (2.3), 
where U, = u(r + 0), u, = u(r - 0) and so on. 
It is easy to show that one can construct through any point 
(u-, u-)(u+, u+)) in the u - u plane a curve Lr(u-, u-)(Er(u+, u+)) 
s_uch that -(u-, V-)((u+, v’)) is connected with any (u, u) on 
L,(u-’ c-)(I!,,(@+, u+)) on the right (left) by rarefaction waves, shocks 
and contact discontinuities of the first (second) kind. Furthermore, 
L,(u-, u-)(L&4f, u+)) is given by the equation 
u=u-+ s v(-g’(t; u-, #‘- u))‘hlz (,a+ -~~+(-g’(r;ut,u))l~zdr), (2.4) 
where g(u; a, b) denotes the upper boundary of the convex hull of the set 
((u,w) / b < u < (I, w <p(u)} if a > 6, while g(u; a, b) denotes the lower 
boundary of the convex hull of the set {(u, w) 1 a ( u < b, w > p(u)} if a < b. 
Therefore, the existence and uniqueness of the Riemann problem is 
reduced to the problem of the existence and uniqueness of the intersection of 
L,(u-’ u-) and Lr(u + , u,). It is easy to see that these curves are monotonic 
and continuous, so the intersection is unique. If we assume 
I 
*m 
(-p’(u))“* du = f al (2.5) 
we also deduce the existence of the intersection. 
3. THE CHARACTERISTIC ENVELOPE PROBLEM 
In order to solve (1.4), (1.5) by using the hodograph method, we first 
consider the following problem on the (r, S) plane. We seek a solution to the 
system 
(3.1) 
such that on a given curve t = r(t,), s = s(t,), x takes values 
x = x(t,), t, > 0 (to is a parameter). (3.2) 
We set (r(O), s(O)) = ( r,,, s,,) and we solve (3.1), (3.2) in a neighborhood of 
(r,,, s,,). Since the curve r(t,), s(t,) is not a characteristic, there is a unique 
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r=r(O) 
s 
t- 
(s-s,)5(0)>0 
r r = r(t,) 
I s=s(t,) 
LL- 
II 
s=s(O) 
(rgso) (r-r,)i(O)>O 
FIGURE 1 
solution x = x(r, s), t = t(r, s) in region I U II (Fig. l), where the boundaries 
are the characteristic r = r(O)((s - so) s’(0) > 0) of the first kind and the 
characteristic s= s(O)((r - r,,) i(0) > 0) of the second kind. 
In order to construct the inverse function r = r(x, t), s = s(x, t), we 
consider the Jacobian J(r, s). An easy computation shows that 
J = (1, - A,) t, . t,, so that J vanishes on the curve r = t(to), s = s(Q, which 
will be called the support curve. However, we can show Jf 0 near this 
curve. 
In fact, on the support curve J, = -(d,/&)/C, J, = (~A,/~r)/? do not 
vanish when an,/& # 0. Thus, the map x = x(r, s), t = t(r, s) is one-to-one in 
a neighborhood of the support curve and we can get inverse functions 
r = r,(x, t), s = sl(x, t) in region I and r = rz(x, t), s = s,(x, t) in region II, 
where (ri(x, t), s,(x, t)), i = 1, 2, are both solutions of (1.4), (1.5). 
Now, we examine the range of influence of (ri, si). Obviously r = r(t,), 
s = s(t,) are mapped into x0 = x(t,). Consider characteristics r = r(t,) of the 
first kind and their images x = f(t; to), Since x = R(t; to) have the parametric 
representation x = x(r(t,), s), t = t(r(t,,), s) with parameter s, so 
-$t; to) ltzto = 4W,>, s&J) = $t,), 
i.e., at (x(&J, to), x = i?(t; to) and x = x(t,) have a common tangent. Further, 
we have 
Z(t,) - i(to : to) = f$ (r(t& s(tJ) . i(t,), 
so that, if (k%, /ar)(r(t,), s(Q) . i(to) > 0, x = i!(t; t,,) is located on the left 
side of x=x(&) and the part of r = r(to) corresponding to 
(s -s(Q) s’(tO) > 0 ((s -s(Q) S’(t,,) < 0) is mapped into the part of 
x = f(t; to) corresponding to t - t, > 0 (t - t, < 0). Then we get images I’ 
and II’ of I and II, respectively (Figs. 2, 3), which are located on the same 
side of x = x(t,). The boundary of I’ (II’) is x = x(t,) together with the 
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FIGURE 2 
x= x(t,) 
I’ 
A 
I 
II’ ,: 
/ 
/ 
/ 
/ 
--------cX 
(-+o) 
FIGURE 3 
characteristic of the first (second) kind which passes through (O,O), t > 0 
(t< 0). 
Hence, in the case (aA,/&)(r,, s,,) . i(O) > 0 (<O), on the right (left) side 
of the curve x=x(&,) there is no solution while on the left (right) side of it 
there are two solutions. In Section 4, when we construct he solution to (l.l), 
(1.3), we always use the first solution whose region of influence is I’. 
4. THE INITIAL VALUE PROBLEM (l.l), (1.3) 
We consider problem (l.l), (1.3) in a neighborhood of the origin (0,O) 
(t > 0) and we will construct the solution which satisfies the following con- 
ditions : 
(1) The domain of the solution (a neighborhood of the origin in the 
upper half-plane x - t) is divided into a number of regions by smooth curves 
x = x(t) with x(0) = 0. In the interior of each of the above regions, u(x, t), 
V(X, t) are smooth and continuous up to the boundary. 
(2) Wherever (u, v) are differentiable (1.1) is satisfied and (u, v) 
assumes the initial value (1.3) continuously, except at (0,O). 
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(3) Across each curve x=x(t), the Rankine-Hugoniot jump 
conditions and the stability condition (E) (i.e., (2.2),, (2.3), or (2.2),, 
(2.3),) hold. 
For further use, we introduce the Riemann invariants (r, s) through 
dr = du -A,(u) do, 
ds = du -A,(v) do. 
We will use (u, V) or (r, s), according to our needs. Moreover, we will often 
use the following properties: when o = ,I,, we have 
as o -= as 1 -= 
i?r, ’ ~3.9, ’ 
while, when w = ,I,, 
Bw -2.Z ar, 0, $0, I 
as -= 
ar, 0, E-1 I 
(4.1) 
(4.2) 
(4.4) 
with S(@, 0) = (u,. - v,) + (u, - v,) . ~(a,@) = 0. Here 0 and 0 denote 
the left and right states of the discontinuity. 
Now we consider problem (1. 1), (1.3) and the induced Riemann problem 
(l.l), (1.2). At first, we deal with the case (u+, v’) E L,(u-, V-). Assuming, 
for simplicity, that p(v) and V- are as in Fig. 4, we construct he straight line 
through (u-, p(u-)) which is tangent to the graph of p(u) at a point with 
abscissa, say, ur and we denote by uj the abscissa of the point where the 
above straight line intersects again the graph of p(u). Moreover, we let u2 
p(v) 
v3 v2 VI V- 
FIGURE 4 
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t 
FIGURE 5 
denote the inflexion point of p(v) in the interval (u3, vi). Depending on the 
position of U+ on the u axis, we will get different constructions of the 
solution. 
Using the Cauchy data (1.3), we solve the Goursat problem for (1.1) on 
.Y < 0 and x > 0, thus obtaining regular solutions (I-(X, e), s-(x, t)) and 
(r+(x, t), s+(x, t)) are in the regions I and II, respectively (see Fig. 5). 
The boundary OA is a characteristic of the first kind while OB is a 
characteristic of the second kind. We have to construct the continuation of 
the above two solutions. The construction depends on the type of solution of 
the corresponding Riemann problem so we have to consider the various 
possible case separately. 
For the trivial cases in which the corresponding Riemann problem has a 
constant solution or a centered simple wave of the first kind or a shock of 
the first kind, i.e., 
v+ - v- . u+ = u- 
or 
u+ E (u-, +a), s+=s- 
or 
It is easy to see, using 
smooth, or it contains a 
details. 
the results of [ 11, that the solution is respectively 
centered wave or it contains a shock. We omit the 
FIGURE 6 
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Next, we consider the case where the solution of the Riemann problem is a 
right contact discontinuity of the first kind, i.e., u+ = u,, S(@, 0) = 0 (see 
Fig. 6) and we have 
We want to construct the solution in such a way that OB is a support 
curve and the unknown x(t) is another support curve in region I. We thus 
require x(t) to satisfy the conditions (see Fig. 7) 
i(t) = q(r, s; r-(x, t), s-(x, t)) = f&(r, s; x, t), (4.6) 
S(r, s; r-(x, t), s-(x, t)) = qr, s; x, t) = 0, (4.7) 
and we must guarantee that there is no characteristic between OB and 
x =x(t) (t > 0), i.e., 
WI - A,, > 0 (t > 0). (4-g) 
Considering (4.5), we should have (G, -A,,) JfcO > 0 (if 
(4 -L> It=0 = 0, we can consider (c;ji -I,,) jlzO and so on). Using (4.1) 
and (4.5), we have 
(~,-I,,),,=,=-pi-~6(0)+ (%A; +$y+ (4.9) 
where 
aw, am, 
- = -$I- (J,(O) - s’,(O)), 
3X 
aw, 
- = A; $(f;(O) + s’,(O)), at 
j(O) is determined by s(O) + -$- + $ A: = 0. 
FIGURE 7 
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Here 
Thus, A,, =def (~6~ -A,,) IIzO can be expressed in terms of the initial value 
and its derivative at the origin. We assume A,, # 0 (if A,, = 0, we will 
consider (6, -x,,.) JIzO and so on). 
The form of the solution will depend on whether A,, > 0 or A,, < 0. In the 
former case, there is no characteristic between OB and x(t) and the solution 
of (l.l), (1.3) involves a shock in a neighborhood of the origin (t > 0) while 
in the latter case, the solution involves a right contact discontinuity. To see 
this we consider the above two cases in detail. 
We begin by assuming A,, > 0. Using the hodograph method, we solve 
(3.1) in the (r, s) plane under the boundary condition t = tz(r) on the curve 
O+B’ (s = s+), where O+B’ is the image of OB and t*(r), defined for 
(r - r+) i:(O) > 0, is obtained by eliminating x between rt (x, t) = r and 
s+(x, t) = s+. On another, a priori unknown, curve r = v(s), we have 
dx = W,(r, s; x, t) dt, (4.10) 
qr, s; x, t) = 0, (4.11) 
(D(s+) = r+, x(rf, s+> = 0, t(r+,s+)=O. (4.12) 
It is well known that the general expression of the solution t(r, s) of (3.1) is 
t(r, s) = j_r v(5, s+; r,s)@(s)dr+ 1’ v(r+,p;r,s)Yyo1)dp, (4.13) 
-r- .Y‘ 
where @, Y are unknown and arbitrary and v is-the known Rieman function. 
Using the boundary condition on O+B’ we get 
r t*(r) = 
I 
~(5, s+; r, s+) @p(t). (4.14) 
rt 
From (4.14) we can determine Q(r) uniquely (under the assumption 
(r - r’) to+(O) > 0) so 
t(r, s) = T(r, s) + 
I 
’ v(r+, p; r, s) Y’(p) dp, (4.15) 
5+ 
where T(r, s) is known (under the assumption (r - r+) iof(O) > 0). From 
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(4.15) we obtain the expressions for t,.(r, s), ts(r, s) and x(r, s). In order to 
determine Y we solve (4. lo), (4.11) to get 
r6 = (A, - u,)(as/ar) + an,((aS/ax) w, + as/at) t, ’ (4.16) 
- (w, + n,)(as/as> - t, 
ts = (A, - q)(as/ar) + 2n,((aS/ax) u1 + as/at> t, * 
(4.17) 
Introduce r = o(s) in t(r, s), tr(r, s), ts(r, s), x(r, S) and then substitute the 
resulting expressions into (4.16), (4.17) to get 
W) = G(s, rp(s>, (’ K@; s, p(s)> Wp) &...), (4.19) 
s+ 
where F, G, K are all known and regular functions. Using successive approx- 
imations we can establish the existence and uniqueness of q(s) and !?‘(s) 
making sure to preserve (q(s) - r’) i$ (0) > 0. Because of (4.12), we get 
c$(s+) = 0 from (4.16), so we have to compute #‘(s+). It is easy to see that 
(!f’(s’) = &t:cr+, s+> 
2n; * tr(r+, s’) ’ 
where 
tr(r+, Sf) = f&-t) = 21; .lr;: (0) # O, O”, 
and 
1 
ts(r+, s+> =- 
w 
#O, co. 
(4.20) 
(4.2 1) 
Since A,,. > 0, p”(s+) has the same sign as 3,+(O), i.e., (o(s) - r+) i,+(O) > 0. 
Thus, p(s) and Y(s) can be determined uniquely and through them we obtain 
the solution x(r, s), t(r, s). From (4.20), (4.21), we get the inverse functions 
r(x, t), s(x, t) and r = (p(s) ((s -s+) i(O) > 0) is mapped into x=x(t) 
(t > 0). The region III’ which is confined between r = o(s) 
((s -s+)s’(O) > 0) and s = s’((r- r+) i,+(O) > 0) is mapped into III, 
confined between x = x(t) (t > 0) and OB (see Fig. 8). Hence we obtain a 
solution in the (x, t) plane which involves a shock x =x(t) (t > 0), and this 
completes the discussion for the case A,, > 0. 
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t 
, ,r=(pk.) 
r / / 
/ 
/ 
/ 
/ 
/ m’ 
(r+s+) ’ + s=s+ 
FIGURE 8 
We now come to the case A,, < 0. Using the result of Section 3 we prove 
that there exists a solution of (1.1) (1.3) which involves a right contact 
discontinuity. 
From the equations 
S(rr, s,; r/, SJ = 0, 
w,(r,, s,; rl, s,> -&Pry s,> = 0 
we can apply the implicit function theorem to derive 
b =fh sJ3 r+ =f(r-, sp), 
S, = g(r, 1 s,>, S+ = g(r-, s-) 
in a neighborhood of (r-, SC). 
Consider the Cauchy problem 
-$ = J.,(f(r-(x, t), s-(x, t)>, g(r-(x9 t>, s-(x, f))>, 
x(0) = 0. 
Since -oo < A: < A;, the above problem has a unique solution x = x(t) near 
the origin in I. x=x(t) is a right contact discontinuity. On its left side 
r-(x, t), s-(x, t) is already a solution while on its right side we will seek the 
solution which satisfies the conditions 
We observe that this is a characteristic envelope problem, so, according to 
the result of Section 3, we need only check the condition 
$(O) < 0; i(0) # 0. 
40911912 12 
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It is easy to compute that the value of S(O) is the same as that in the case 
A,, > 0. We have already assumed S(0) # 0, and 
$r;(O)=A,, < 0. 
So on the right side of x = x(t) there exists a unique solution in the region 
confined between OC and the characteristic OD of the first kind (see Fig. 9). 
We extend the solution to the whole region by solving a characteristic initial 
value problem. This completes the discussion of the case under con- 
sideration. 
Next, we consider the case where the solution of the corresponding 
Riemann problem is a right contact discontinuity and a centered simple wave 
(see Fig. lo), i.e., U+ E [uz, u,], S(@, 0) = 0, s1 =s+ and we have 
A; >w,=IZ;, A; <n;. 
As in the previous case, when we consider problem (l.l), (1.3), the 
contact discontinuity may preserve its form or it may turn into a shock. 
At first we consider under what condition on the initial data the contact 
will become a shock. As above we can compute 
where 
a4 . 
A,,=-,,a+ ax 
( 
aw ?.Eq+$ ) 
) 
s’(O)= - 
-1 
as/at + 2; @S/ax) * 
Due to the centered wave (see Fig. 1 l), we have (an, /ar’) 3(O) = $l n., so in 
the case (ti, -A,,) llzO # 0, in order to get a shock, the initial value should 
satisfy d,, > 0. We now prove that, conversely, under the condition A,, > 0 
there exists a solution which involves a shock and a centered wave. 
t 
x: 
w,=i, 
AL x; X 
FIGURE 9 FIGURE 10 
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At first we solve the following problem on the (r, s) plane: 
x, = W, s> tr. 
x, = h(r, s) 4, 
ons = s’ ((r-r’)$>O),x=r=O, 
on the unknown support r = p(s), we have (4.10), 
(4.11) and (D(s’) = r’. x(r’, s’) = t(r’, s’) = 0. 
As before, we can prove that there exists a unique solution x(r, s), l(r, s) in 
the region (r - r’)(22,/&‘) > 0, (s - s’) . s’(0) > 0. Suppose that the solution 
is defined, say, for r < < By solving a characteristic initial value problem we 
extend into r < r+ (see, Fig. 12). 
Finally from the solution x(r, s), t(r, s), which exists on the region 
0’0 +D’C’, we obtain the solution r(x, t), s(x, t) (Fig. 11) and continue it by 
solving the characteristic initial value problem between OD and OB. 
In the case d,, < 0, we can show by similar considerations that there 
exists a solution of (1. l), (1.3) which involves a right contact discontinuity 
and a centered wave (see Fig. 13). We omit the details. 
Next consider the case where the corresponding Riemann problem has the 
solution depicted in Fig. 14, which involves a right contact discontinuity, a 
s 
t 
Ir C’ D’ 
ml 
0’ 5 0+ 
FIGURE 12 
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FIGURE 13 FIGURE 14 
left contact discontinuity and a centered simple wave confined between them, 
i.e., a+ E (u3, uJ, S(@, Q)= 0, s’ =s*, S(@,@) = 0, where v* is deter- 
mined by (see Fig. 15) 
p,(v*) = P(v*> -P(Vf) 
v*-v+ 3 vz < v* < v,. 
The contacts either turn into shocks or retain their form (t > 0) in the 
corresponding problem( 1. l), (1.3). We distinguish four cases. 
First we consider the situation where both contacts become shocks and we 
seek the condition on the initial value under which this occurs. The 
construction is shown in Fig. 16. 
Since x = xl(t) is a shock, in the case (ti, -Air) llzO # 0, one condition 
should be A,, > 0. Since x =x2(t) is a shock, in the case (ci)r - A,,) llzO # 0, 
we should have (tir - A,,) ItEO ( 0. Considering the centered wave on the left 
of x = x2(t), we get, as before, 
p (VI 
A 
I ‘\\, \ \ 
.!?x. 
-. \ I 1 
’ 1 II I I ,,I’\ 
V 
V3 V+ v2 v* v, V- 
x=x2(t) B t&r 
X 
0 
FIGURE 15 FIGURE 16 
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where i*,.(O) = (Jr - A:) it(O), S,,(O) = (nf/n:) s’(O), and s’(0) is the same as 
in the previous case, and s’,,(O) is determined by 
-s',,(O) + g i,,(O) t g&(o) = 0. 
Thus, +I,, = def(Li)I -A,,) IIcO can be expressed in terms of the initial value 
and its derivative at the origin. Assuming d ,, # 0 (otherwise compute 
(~3, -x,,) I,=o) if x=x*(t) is a shock, we have d,[ < 0. 
Conversely, under the assumption d,, > 0, A,, < 0, we can prove that 
there is a solution of (l.l), (1.3) on t > 0, which is depicted in Fig. 16. 
In fact, we first construct a solution which involves a shock and a centered 
wave; then we have OB as a support curve and an unknown x=+(t) as 
another support, in which case the condition d,, < 0 guarantees that 
x =x*(t) is in the region of the above centered wave, so we can solve the 
problem. 
We now consider the situation where the left contact remains a contact 
while the right contact becomes a shock (see Fig. 17). 
We show that this occurs when A,, > 0, A,, > 0. 
We first construct the solution up to the right boundary OD of the 
centered wave, then we extend it by solving the following problem. We seek 
(r,(x, t), s,(x, t)) and (T*(x, t), s2(x, t)) which satisfy (1.1) together with 
on OD, T,(x, t), sr(x, t) assume known values; 
on OB, rz(x, t), s2(x, t) assume known values; 
on an a priori unknown support curve x = x(t), 
qt> = A,(r,(x, t), s,(x, t)) 
and 
q(r,(x, t), SI(X, t>; r*(x, t), & 6) - 4(YI(-G t>, SIh t>) = 0, 
S(r,(x, t), s,(x, 0; rz(x, 0, & t>> =0. 
FIGURE 17 
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Transferring the problem from the (x, t) plane to the (I, s) plane, we have to 
determine (xl(rI, s,), t,(r, , s,)) and (x2(r2, s*), t,(r,, sJ) with the property :
on O*D’ (the image of OD), t, = t&J (known), 
on O+B’ (the image of OB), t, = t,,(r,) (known), 
on the unknown support curves rl = q,(s,) and 
rz = q@,) we have 
w, 9 s2 ; r1, s,) = 0, (4.22) 
q(r,, s2; r1, s,) - A,@, 3SJ = 0, (4.23) 
dx,(r, 3 Sl> = &(r, > 8,) dt,(r, > s,), (4.24) 
t2k2, s2> = t,(r,, SJ, (4.25) 
X2(~2, s2) = x1@-13 s,h (4.26) 
e(s*) = r*, 472@+)= r+, X,(r*, s*> = x2(r+, s+> = 0. 
At first, 
(4.27) 
t, = I ‘* u2 Q2(7) d7 + I” 02 yI,cU) 6, (4.28) I+ S+ 
where vi (i = 1, 2) is known while Qi and Yi (i = 1,2) are unknown. 
Using the boundary condition on O*D’ and O+B’, we can determine !P, 
and Qz, so 
t, = T,(r,, ~1) + I 
” v, Q,(r) dr, 
r- 
t2 = T2(r2, s2) + I ” v2 y2u,cU) dp,Sf 
where T,, T, are known. 
Introducing ri = qi(si) (i = 1, 2) in the expressions (4.22)-(4.26), we get 
(4.29) 
(4.30) 
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ds, 2AC2’t * s 
-= 
2 2r2 
ds, 2152’ . f2r, - (A:” + $) t,,, . s,, ’ 
(4.3 1) 
1 
Ir, . ($ = A 
1 1r, 
+ KG” + w flSL(SS2 + q - W~*r,l W1r2 
21$2’ *QS2 (4.32) 
Using the conditions on O*D’ and O+B’ and (4.29t(4.32), we compute 
1 
tzr,(r+3 s+) = 21: 3,+(O) 
$(s+)= qS(O)()L: + AT)’ 
4n:(n:)’ s’(0) + n&q -AT)’ i,+(O) ’
(4.33) 
(4.34) 
(4.35) 
(4.36) 
(4.37) 
nf(nT - n:)(A: + AT)’ i,+(O) 
ui2(s+)= 4n:(n~)‘s’(O)+A;(q -n:)“J;(O)’ 
t*&-+, s+> = /I#: + 1:)’ 
2A: [4A:(@)‘S(O) + A;(& -A;)’ . i,+(O)] ’ 
(4.38) 
Obviously, none of the above expressions is zero or infinity, provided that 
the denominator of (4.35) does not vanish. Further, we get 
t Ir, = cl on rl = ull(sl>. (4.39) 
Computing fir,, flsly tZr2, f2S2y x1, x2 from (4.27), (4.28), we substitute them 
into (4.29~(4.32), (4.39) to get 
42(S*)=F, s*;(D2,~l,vl, 
( I 
‘* KY/, dp, ,fw’ Z&Z’, ds ,... , (4.40) 
S+ r- 1 
S’,(s,)=Fz s,;rp,,s,,y,,, 
( I 
‘= KY2 dp, (0’ I?@, dr ,... 
s* r* 1 
, (4.41) 
Y’2(s,)=G, ~2;(~2,~1,~)1, 
( I 
” KY’, dp, (s’ KC’, dr ,... , (4.43) 
S+ I’ 
@,h> = G2 (~1, (~1, j;‘K@, d+ (4.44) 
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From (4.40~(4.44), using successive approximations, we can establish the 
existence and uniqueness of q,(s,), e~~(s&, @,(r,), Yu,(s,). So, in the (r, s) 
plane, we get the solutions (xl(rl, sr), t,(r,, sr)) and (xz(r2, sz), t,(r,, s*)). 
When we consider the inverse function, due to (4.34), (4.38), it is easy to 
get (r2(x, t), s2(x, t)). As for the inverse function of xl(rl, sr), t,(r,, s,), using 
(4.36) and d,[ > 0, in the same way as in Section 3, we get (rl(x, t), sl(x, t)) 
and x = x(t) (see Fig. 17, OE). Obviously, the constructed solution satisfies 
all of the requirements. 
The remaining two situations correspond to a centered wave which is 
confined between a right contact discontinuity and a shock or between a 
right contact and a left contact. Using similar ideas one can show that the 
above two situations will occur when d rr < 0, A,, < 0 or A,, < 0, A,, > 0, 
respectively. 
We now consider the case where the corresponding Riemann problem has 
the solution shown in Fig. 18, which involves one shock but there is a 
contact point @ between the left and right states, i.e., vt = vj, S(@, 0) = 0, 
o(@,@)=A:. As in the previous case, depending on the sign of A,, 
(computed by the states @ and 0) and AlI (computed by the states @ and 
Q), we have to distinguish four possible situations. 
When A,, < 0 < All, the solution of (l.l), (1.3) will involve a right contact 
discontinuity and a left contact, as shown in Fig. 19. The proof follows 
similar patterns and will thus be omitted. 
t 
FIGURE 20 FIGURE 21 
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When A,, < A,, < 0, the solution of (l.l), (1.3) will involve a right contact 
and a shock (see Fig. 20). The proof is similar to a former case, so it will 
also be omitted. 
On the other hand, when 0 <A,, <A,,, it turns out that the solution of 
(l.l), (1.3) involves a shock and a left contact (see Fig. 21). We discuss this 
situation in some detail. 
At first we seek the solutions (x,(r,, s,), t,(r,, s,)) and (xz(r2, sJ, 
fz(r,, sz)) of (3.1) which satisfy the following conditions: 
On the unknown support curve r, =x(s,), we have 
dx, =~,(r,,~,;~,,f,)df,, (4.45) 
~(r,,s,;x,,t,)=O, (4.46) 
x(s’) = r’, x,(r’, s’) = t,(r’, s’) = 0, (4.47) 
where 
W,(rl,sl;x,,f,)=o,(r,,s,;r-(x,,t,),s~(~,,t,)), 
%r,,s,;x,,f,)=S(r,,s,;r-(x,,f,),s-(x,,f,)); 
on O+B’, t, = t,,(r,) (O+B’ is the image of OB, t,,(r,) is known); on the 
unknown support curve r, = o,(s,) and rz = p2(sz), we have (4.22)-(4.26) 
and q~,(s’) = r’, p2(st) = r+, x2(rf, s’) = 0. 
We write down the general expressions for t,(r,, s,) and f,(r,, sz). Using 
the boundary condition on O+B’ we determine G2. As in previous cases we 
obtain expressions imilar to (4.4OF(4.44), but now !P, has not yet been 
determined, so 
@*(s,) = F,(s2; $3, Sl P19 ‘u,(S,>Y>, (4.48) 
s’,(s,) = F,(s, ; q2, s, 3 q, 3 ‘u,(s,),...), (4.49) 
~,(S,)=F3(S2;V72,Sl,~l, ~,(S,)Y.)> (4.50) 
y&2) = G,(s,; 502, s,, P, > Y’,(s,),...>, (4.5 1) 
@,h) = G,(s, 7 P, v-1. (4.52) 
In the above expressions we omit the integral terms because they will not 
affect our argument. 
Using (4.45), (4.46) we have 
i(s,) = F&I 3 VI 7 @IW,))>~ 
‘f’,(s,) = G,(s, 7 ‘~17 Wds,))). 
(4.53) 
(4.54) 
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Substituting (4.54) into (4.48~(4.5 1) we obtain 
~2(S*)=FL(S2;(PZ,Slr~lL @Iti(S (4.55) 
s’I(~2)=~2(~2;(P2,~l,rpl, @P,ol(s,))), (4.56) 
rp,(~,)=F3(s2~(P2~~1~v)I~~IoI(~,)))~ (4.57) 
Y’,(s,)= G(~2~(P2JlrV)l~ @1Wd)h (4.58) 
Combining (4.52), (4.55)-(4.58), (4.53) and I = Y’, ad = r’, 
s,(s+) = s’, (p,(s’) = Y’, under the conditions 
1 I 
ui&‘> > ]
-m-
and 
(4.59) 
(4.60) 
we establish the existence and uniqueness of solutions to the system by 
successive approximations. In our case (4.60) obviously holds. As for (4.59), 
we have 
W’) Al, 
~=Al,-(dl,(dll-dl,))l’* “* 
Thus, we obtain the solution in the (r, s) plane. Inverting, as in the previous 
cases, we arrive at the solution on the (x, t) plane. 
Finally, we consider the situation A,, > A,,, in which we show that the 
solution only involves a shock. 
We construct the solutiono of (l.l), (1.3) in the same way as in the 
previous case, but we need to prove that the stability condition (E) holds 
along‘the shock x = x(t). 
Using the expressions 
p’-p=B’(v’-q, (4.6 1) 
p,-F=I?‘(v,-IT), (4.62) 
we have v”= uI(u,) near (V; V)= (u+, ur), (v,, V)= (v-, u,) (see Fig. 22). 
Condition (E) will hold if and only if 
(u+-u-) ($2) / >o. 
t=o 
(4.63) 
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p(v) 
A 
FIGURE 22 
Using (4.61), (4.62), we have 
(+I$-$) 1 ,=O = (A;)~ I y;y + * (A,,-A,,). (-2AT) 
so (4.63) holds and this completes our argument. 
Up to now we have completed the discussion of all possible cases when 
p(u) and u- have the form depicted in Fig. 4. We now supply another typical 
case where there is a double contact. 
Suppose v+ and v- are as in Fig. 23, i.e., 
and the stability condition (E) is satisfied. 
In addition, let u+, u- satisfy S(@, 0) = 0. 
We set 
A I@> = - 2 s’,(O). 
p(v) 
(4.64) 
FIGURE 23 
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Since w1 < A;, s’,(O) = 2A;s;(O), it is easy to show that 
with the help of which we conclude that when A,(Q) > 0, the solution 
involves a left contact discontinuity while when A,(Q) < 0, the solution 
involves a right contact discontinuity. 
When the solution of the corresponding Riemann problem is a wave of the 
first kind of quite general form we can discuss the corresponding problem 
(l.l), (1.3) as follows. 
Suppose the solution of the Riemann problem is as in Fig. 24; we first 
discuss the case where there is no contact point between the left and right 
state of every discontinuity. When we consider the corresponding problem 
(l.l), (1.3), in sequence from left to right, we compute ach A with respect o 
every discontinuity and its sign will determine the behaviour of this discon- 
tinuity. 
The double contact in Fig. 24 may merge into one shock, so we consider 
an extreme case, where there are n contacts, as in Fig. 25. In this case we get 
A,, by @ state and @ state, A,(@) or A,(@) by @ state and @ state, A,( n--l 
or A,(@) by 0 
0 ) 
state and @ state and A,! by @ state and 0 state. 
Obviously, all A,(@) (i = l,..., n) have the same sign, so one has to 
distinguish the following cases. 
(1) A,, <A,(@), A,(O) < A,[. In this case there are IZ + 1 discon- 
tinuities 
(4 0 < 4,. The solution is of the form: one shock and n left 
contact discontinuities. 
(b) A,, < 0 < A,(@). The solution is of the form: one right contact, 
and IZ left contacts. 
Cc> A,(o) < 0 < A,,. The solution is of the form: n right contacts 
and a left contact. 
i 
w,=x,,=x,, wl= AIL 
w,=x,, 
a- 
0 
X 
FIGURE 24 
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p(v) 
FIGURE 25 
(d) d iI ( 0. The solution is of the form: it right contacts, and a 
shock. 
It is not difficult to see that 
~,,(o~o)-~,(o)=~,,(o~o)-~,(o) 
~,,(o,o)-~,(o)=~,,(o~o)-~,(o) 
(i = 1, 2 ,..., n), 
where A,,(@,Q) denotes the A,, obtained by 0 state and 0 state, A,,(@, 0) 
is the A,( obtained by @ state and 0 state. So we need only discuss the 
following two cases. 
(II) A&,@) c A,,(@,@); A,(@) <A&,0) or A,(@) > A,,(@,@). 
In. this case there are two discontinuities in the solution of (1. l), (1.3). AS 
before, the solution is of three possible types. 
(III) A&, 0) > A,!(@, 0): As before the solution only involves one 
shock. 
If the solution of the corresponding Riemann problem is a general wave of 
the second kind, we can discuss the problem in the same way. 
When waves of first and second kind appear together, we need only 
combine the above considerations. 
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